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Baumslag-Solitar groups .

For nonzero p ,gEX ,
the associated Baumslag-Solitar group is BS(p, y) := <a, 1 tait" = ar >.

Thus
,

BS(p,g) is an HNN-extension
S

with associated Bass-Serre tree Tip
, 121

:= (Vipa
, Eip , 191) ,

caVs where Vipliq = BS(p
,y)/as

(a]& <h] Elp1 , 191
= BS/p,y)/cats in-deg : outly<aP> Iph

e(a)
eat

et(a) 3
-i

BS(p,g) - Tipsig so BS(pq) = Ant(p, y) : = Ant / Tips ig) ·
We

say
that BS(p, g) is "unimodular" if

Antip, g) is unimodular .
T2

,
3

The modular homomorphism A : Aut(pg) -> IR
, o

is given by gK*1 ,
where K := Stlacas).

tIP/1g/
Thus

,
BS(p,g) is "unimodular"() (pl = /g) .

Partition into natural families
.

CAmenableResearsolvable,hereamenablehere It is a fy. nonabelian free
gp.

/F3) Nonamenable "nonunimodular": (p1
, 191) and Iph).



Measure equivalence (ME).

Measure equivalence is a measure-theoretic analogue of quasi-isometry expressed in terms

of topological couplings .

Det (Gromov 1993) .
Ctbl

groups
↑ and A are measure equivalent (ME) if they admit a measure

coupling : a standard ofinite measure space (, M) equipped with commuting measure-preser
ring actions ↑&&A which are free and admit fundamental domains of finite

measure
,

i. e .
7 Bor sets A

,
BER st

.LA
= LB

StA

One can "compose" these couplings to show transitivity ,
hence ME is indeed an egrel.

Examples .

(a) If PCA has finite index
,

then ↑MEA
.

Hence
, commensurability => ME.

Proof. Take M : = A with TTRVA by translations. Then 12/11 = (A : 4328.

(6) Ifi
,
a are cocompact lattices in the same lase

group G
,

Run ↑ MEA
.

In fact,
↑ ME G ME A.

Quasi-isometry (g . i) and measure equivalence (ME) classifications.

Because ME is a sibling of gi, let's compare
them on Baumslay-Solitar groups.

Note that BS(y , p) = BS(p,g) = BS(-p
, -g) and by a result of Casals - Rinz-Kazachbor-

Zakharov
, BS(p, q) and BS(p

, -g) are commensurable. Thus
,

these are all g . i
.
and ME,

so the gi . and ME classification only needs to be explained for 1 peg .



Quasi-icometry C

(Fl Farb-Mosher 1998 : g .
c. = commensurability : BS(I,4) ~ BS(1

,
ne)

,
nl .

N g.
i · preserves amenability

(F2) one class

# Whyte 2001

(F3) Myte 2PP1 : one class

Measure equivalence (= orbit equivalence ,
Kida 2014)

(F1) Ornstein- Weiss 1987 : one class
I ME preserves amenability

(F2) one class

# Kida 2014

(F3) Gaborian - Poulin - 0
.

-Tucker-Drob- Wrobel 2025+: T

Evidence for /against ME rigidity in (F3).

Kida 2014. For (3)
,

if BS(p
,
g) ME BSCP

, 11) ,
then so are their modular kernels.

Hope ? Maybe the modular beruels aren't ME
,

hence rigidity in (E3).

Kida 2024. Nope : the modular bernels are all ME to IFOX.

Forester 2024
.

For ka2
,

BS(K
,
KE ME BS(K2

,
KY) because Key are virtually contained

as cocompact lattices in the
same las

group.

Hope? This is the first ME example that is not just commensurability. Maybe Forester's

methods can be pushed further for other groups in LES) ?



Carette - Cormulier - L Bouden -Tessera 2025 +. Nope : if <Poly and SR/gis are not commen-

surable as subgroups of Roo
,

then BSSpo,q) and BS(P, %1) are not commable ; in

particular , they are not virtually contained as cocompact lattices in the same lase group.

Kida 2014 + Hondayer - Raum 2015. For (E3)
,

if a "very ergodic" measure coupling (2,M) exists

for BS(po and BSIP, 191)
,

then BS(po,) = BS(P, 91) . "Very ergodic" means the eliptic subyps
kas and its voyugetes) of BS(Pi, g) act ergodically on &/BSIP: 191) fall :go

,
13.

Hope ? Maybe one can boost any measure compling into a special one
,

hence rigidity in(F3).

Finalnope :

Gaborian-Poulin-0
. -Tucker-Drob-Wrote 2025+. (F3) is one ME class

,
i
.
e. all groups

BS(pg) will 1P1
, 191s1 and 1P1 + 19) are ME to each other

.

The rest of the time will be spent discussing the scheme of the proof and its ingredients.

Scheme of Proof.

let =Sp ; <i ,
i = 0

, 1

.

BS(P01No) ME BS(p ,
191) Probability measure preserving (pmp) context.

Il

#100,
90) ME Aut(p

, 9 .
) Because Antipis9) are monunimodular

,
ME for Mem is only a measure

class
preserving (map) notion.

=> tree pmp actions Ant(Pi ,
9 M

,
) Cross-section equivalence relations of

pmp actions of monnnimodular
with orbit equivalent cross-sections . groups are map equivalence relations

, typically type III.



Solve a problem about map Here we exploit the recently developed theory for map graphs,
measured treeings.

in particular ,
the existence of ergodic hyperfinite subgraphs (8. 2022)

,

as well as a new way of using the associated Krieger flow.

Proof steps and ingredients.

(1) BS(p0
, 90) ME BS(p, 91).

BS(g) Antipg) & R by La is a cocompact lattice.

(2) Aut(Po , No) XIR ME Autlp -, g .
) & 1

,
where Antip :, %:) VIR by dilations via A

.

By Koiristo-Kyed-Raum ,
ME of Antlpi , Gi) is equivalent to the existence of tree pmp actions

Aut(p
, 9.l

+ /
,
0.) with icomorphic action groupoids . By Hahn's theory of Haar measures

for measured groupoids,
the modular functions must be conjugate...

(3) Aut1p0 , go) ME Auto, % .

).
-

Noiristo-Kyed-Raum 2021

14) 7 tre
pup Ant1P , 41)v/4:, 0:) with

map orbit equivalent cross-sections.
E

Let K < Antip , 9) be the stabiliter of a vertex in Jp , y
lit's compact open) .

Then a Bonel

transversal X for KUSY is a cross-section
,

identified with Y/K
.

Build a Tp, -freeing
via the identification [x] = /k = VITp

, g) .

Converse also holds.
Ra

(5) 3
mcp countable Borel equivalence relations Ri on (Xi

, Mil which are map isomorphic
and admit M-homogeneous Tppsi-treeings.



A Tp ,g-teeing is a directed Bonel graph G o

a standard probability space (X
, M) whose components 24 2/343 232

are isomorphic to the tase Tp, g.
It is said to beu-homogeneous if the Radon- 23 2

Nikodym cocycle with respect to me
is equal to P/y

on each edge (x
,g) = Tpig

Main theorem
.

Let R be an ergodic map ctbl Borel equivalence relation on (
,Mo) which admits

a No-homogeneous Tpo , go-teeing .

If R is type Io and its krieger flow admits a

P
, /9 ,

- equispaced cross-section
,

then R alsoadmits a M, -homogeneous Tp,g-treeing
for some M-No ·

Apply this Morem to the cross-section las above of AuthPostal # (0
,
ro)x(1, /2)

,

where

Antipo ,gov Bo
,
rol is any mixing free pmp action

,
e

. g . Poisson point process on Art/Pose
Aut100

,90)(1 , P/91) via the modular homomorphism A : Antipo , Yol -> (Ryo

Ingredients of the proof of Main Theorem
.

Using the fact that in type No
,

the Krieger flow is aperiodic ,
we obtain :

Theorem 1. Every type To ergodictbl Boneley .

rel
.

R is hyper-type In.

Using Theorem 1 and the existence of ergodic hyperfinite subgraphs ,
wo get:

RheemzEverype edimpgraphdanejodi perfinite upae
(

We then edge-slide a Trocho-treeing along of into a Tp., g ,

-freeing
.



Krieger flow : Let R be an map
cta) Bonel eye rel . on st

. prob· space (X,M) .

Let w : R -> Ro be

the Radon-Nikodym cocycle.
The Krieger flow associated to R and CMJ- is an mup Bowe action of 130 on

a st . prob . sp .
18

,
09

,
which in particular has the following property :

= Kerln) - invariant Bowl map
it : X -> & such that

by ,
x) E = iT(y) = W(y ,

x)T(x)
.

Proposition. R is type I . <=> the Krieger flow is nowhere smooth and aperidic.

...

·
#T (x) is a cross-section in of when w is equispaced.

-- -

T

⑭
Or is the Poincare return

map.

#
- ...

·

R-class in X IBo-orbit in

Theorem 0 .

Let R
, No be as above and do

,
G . E 1Rao

· Suppose that the Radon-Nikodym wogule
is do-equispaced and the Poincare' return

map Pr is pap. If the Krieger flor admits an

direquispaced cross-section
,
then I probabiig measure M, w No whose Rachon-

Nikodym vocycle is d , -equispaced and the Poincare return
map B

,

is
pop


